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ABSTRACT. The contribution of arch-fill interaction to the load carrying capacity of masonry
bridges can be large [1]. While a comprehensive description of arch-fill-spandrels interaction
requires a three-dimensional model, a simplified description of fill contribution to the load carrying capacity of the bridge can be implemented in two-dimensional models. This is the way
followed for instance in Hughes et al.[2] and by Bicanić et al. [3]. In Cavicchi and Gambarotta
[4] fill is described as a continuum in plane strain. This reduction of fill to a plane model presents a critical aspect whose effects have to be evaluated: the dependence of the in-plane fill resistance on the containing capacity of the spandrels. This aspect is here considered in an approximated way by describing fill as a continuum in a plane state where the out of plane normal
stress is constrained in an admissible domain representing the limited containing action of the
spandrels. A statically admissible two-dimensional model is defined and the Static Theorem of
Limit Analysis is applied.
1. INTRODUCTION
One of the most relevant problem in the assessment of masonry bridges is the evaluation of the
load carrying capacity including the strengthening effect of fill interacting with spandrel walls.
This circumstance has been highlighted by experimental collapse tests on full scale and model
scale bridges [1].
Even if a comprehensive analysis of the interaction between arch, fill and spandrels would
call for detailed three-dimensional models [2], in some cases, when transverse effects can be
neglected and spandrel walls are not considered, the structural system can be described by a
plane model. This makes it possible to assume simplified constitutive models for masonry,
thereby reducing the sources of uncertainties; moreover, the bridge behaviour can be more synthetically described. Two-dimensional models based on the no-tension assumption for masonry,
originally proposed in the pioneering works by Castigliano [3], Kooharian [4] and Heyman [5],
have been extended by various authors to take into account fill ([6]-[10]). Cavicchi [11] and
Cavicchi and Gambarotta [12-13] have proposed a model in which the fill is described as a cohesive-frictional continuum interacting with the arch-pier system represented by no-tension,
perfectly plastic beams; upper estimates of the collapse load and the corresponding collapse
mechanisms have been obtained. The unconservative nature of the results from the kinematic
approach may represent a problem.
Aim of this paper is to overcome this limitation by applying the lower bound theorem of
limit analysis to a statically admissible FE discretization of the mechanical model defined in
Cavicchi and Gambarotta [13] and take into account the effects of a limited transverse constraining action of the spandrel walls on the fill by introducing a condition which limits the
transverse compressive stress under an admissible value; this feature provides a simplified
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means to evaluate the dependence of the collapse load on the transverse effects and release and
discuss the plane strain assumption [14].
2. PLANE EQUILIBRIUM MODEL OF THE ARCH BRIDGE
A longitudinal cross section of a typical masonry bridge is diagrammatically described in Figure
1.a; the structural model described in Figure 1.b is assumed, in which the spandrel walls are not
considered. The volume occupied by fill is represented by the two-dimensional domain Ωf ,
corresponding to a longitudinal section of fill, while arch barrels and piers are described by
plane curved beams. The piers at the base and the arch barrels at springings are considered built
in and the connections between the arch springings and the top of the piers are assumed rigid.
The fill is restrained at the opposite ends of the bridge.
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Fig. 1. (a) Longitudinal cross section and (b) two-dimensional model of the bridge.

The external forces, represented by self weight b and the line tractions p over the upper
boundary of the fill, are assumed parallel to the plane of the longitudinal cross section of the
bridge and uniform across the width.. The load vector p is decomposed as p =p 0 + sp , where
p 0 is fixed and sp represents the live load, s being the multiplier of the reference live load p .
Among the three-dimensional stress fields in equilibrium with the prescribed loads, only
plane fields are considered. The out-of-plane stress component σ 3 is induced by smooth
boundaries which represent the effects of either the spandrel walls or the tie rods inserted in the
fill and connecting the opposite spandrel walls to strengthen masonry bridges [15]. A simple description of the stress field in arch barrels and piers is obtained by ignoring the membrane and
shear forces and the bending moment acting on planes parallel to the longitudinal cross section
and the twisting moment as well.
Both fill and masonry arches and piers are assumed made of no-tension rigid perfectly plastic materials. Fill is assumed as a Mohr-Coulomb cohesive-frictional no-tension material. A
constraint on transverse stress is assumed 0 ≥ σ 3 ≥ −σ% c , where the limiting value σ% c ( ≥ 0 ) can
represent either the prescribed maximum allowable pressure on the spandrel walls or the maximum allowable tensile strength of the tie rods per unit area.
The resulting conditions of plastic admissibility [14] are expressed in the form

σ 1 − σ 2 + (σ 1 + σ 2 ) sinϕ − 2c cosϕ ≤ 0 ,

σα ≤ 0 ,

−σ α + σ*c − rσ% c ≤ 0 , α = 1, 2 ,

(1)(2)(3)

σ = − 2c cos ϕ (1-sinϕ ) and σ = 2c cos ϕ (1+sinϕ ) being the uniaxial compressive and tensile
strength, respectively, and r = − σ*c σ*t = (1+sinϕ ) (1-sinϕ ) . The admissible range of σ 3 is obtained a posteriori [14] as a function of σ 1 and σ 2 ; the corresponding minimum admissible
compressive value is
*
c

*
t

(a) if min (σ α , α = 1, 2 ) ≥ σ*c , then σ 3 = 0 ; (b) else σ 3 = σ*t + 1 r min (σ α , α = 1, 2) .

(4)(5)

The yield function of the cross sections of arch barrels and piers is obtained by assuming
vanishing tensile strength across the mortar joints orthogonal to the centre line and rigid-ideal
plastic response under compression. Sliding failure is neglected.
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3. FINITE ELEMENT EQUILIBRIUM MODEL
The estimates of the collapse load multiplier s c of the model are obtained by a finite element
application of the Lower Bound Theorem of Limit Analysis. The fill is approximated by threenode triangular elements and stress discontinuities are allowed at their shared edges [16]; arches
and piers are approximated by straight beam elements (Fig. 2). The presence of the discontinuities allows for enriching the stress field.
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Fig. 2. (a) Finite element model of the bridge; (b) the finite element equilibrium model: arch-fill
interaction tractions.

The stress field in triangular elements is assumed linearly dependent on the nodal stresses, so
that the in-plane differential equilibrium equations of the t-th element are expressed as linear
equations of the nodal stresses in the matrix form Cht σ h + Ckt σ k + Clt σ l + c t = 0 , where the vector c t depends on the applied load.
In order to preserve the lower bound property of the result, the conditions of plastic admissibility (1)-(3) are piecewise linearized in the space of stress components by an internal polyhedron obtained as intersection of three polytopes with an even number p t of faces. The corresponding pf = 3p t inequalities are collected in matrix form and imposed at nodes,
f t (σ r ) = N T σ r − rt ≤ 0, r = h, k , l .
Arches and piers are discretized by two-node straight beam elements having constant section
height h and self-weight per unit length b b . Each beam element discretizing the arches interacts
with the edge of a triangular element of fill (Fig. 2b); the generalized forces acting on the beam
axis are then obtained by simply taking into account the effect of the beam height on the bending moment. The linearity of the actions coming from the fill allows for writing the overall
equilibrium equations of the beam in the matrix form Cib sib + Cbj s bj + Cbh σ h + Cbk σ k + c b = 0 ,
where σ h and σ k are the nodal stresses of the edge of the triangular element and vector c b depends on the applied body force b b (see Fig. 2b).
To obtain a linear formulation, the plastic limit envelope in the ( N , M ) plane is piecewise
linearised by an internal polygon and imposed at a discrete number ps (ps ≥ 2) of sections. The
latter approximation allows a violation of equilibrium between the discrete sections that can be
checked a posteriori; however, with the mesh refinement necessary for a good description of
fill, the effect of this approximation was negligible even assuming ps ≥ 2 in the examples shown
in the next section.
The generalized nodal stresses in the triangular and beam elements, collected in vector σ ,
and the load multiplier s are the discrete variables which define the finite element equilibrium
model. The equilibrium equations are collected in the linear matrix equation Cσ = c . The
boundary conditions on the nodes where active and reactive forces are applied are expressed in
the linear form Qσ − sq = q 0 , where q 0 and sq are the nodal stress vectors depending on the
applied dead and live loads, respectively. Finally, the conditions of plastic admissibility are collected in the matrix inequality f = N T σ − r ≤ 0 . The largest lower bound s lb on the collapse load
multiplier is obtained as the solution of the Linear Programming problem.
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(

)

slb = min cT α1 + q T0 α 2 + r T α 3 ,

CT α1 + Q T α 2 + Nα 3 = 0,
 T
q α 2 = 1,
α ≥ 0.
 3

(6)

4. EXAMPLE OF APPLICATION:PRESTWOOD BRIDGE
The first example refers to Prestwood bridge, a single span bridge tested up to collapse [17]
within the experimental research on masonry bridges supported by the Transport Research
Laboratory (TRL). The geometry of the bridge and the position of the live load are described in
Figure 3.a. The experimental arch collapse mechanism exhibits four hinges; the mechanism
takes place with negligible material crushing and the experimental collapse load is
Pexp = 228kN .
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Fig. 3. (a) Prestwood bridge model (mm). (b) Position (mm) of the plinths of the loading system and of
the piles at abutments.

Figure 4 shows the numerical results obtained by assuming plane strain fill and the mechanical parameters given in Table 1; the values of the angle of internal friction ϕ and the compressive masonry strength σc come from experimental evaluations [17], while data about cohesion
c furnished in [17] are not sufficient and the assumed value is such that the experimental collb
lapse load Pexp = 228kN is approximately the average between the equilibrium ( Pstrain
= 209kN )
ub
and the compatible ( Pstrain = 254kN ) solutions. An analysis of the sensitivity of the results on
the mechanical parameters has been carried out and will be discussed shortly.
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Fig. 4. (a) Collapse mechanism with non resistant fill ( Pnrf = 46.2kN ); (b) in-plane principal stress field
lb
= 208.8kN ); (c) collapse mechanism and contour plot of the
and line of thrust (plane strain fill) ( Pstrain
ub
= 254.5kN ).
maximum shear strain rate from compatible model (plane strain fill) ( Pstrain
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Table 1 Prestwood bridge: constitutive parameters; experimental and numerical collapse loads.
γm
σc
γf
ϕ

Masonry density
Masonry compr. strength
Fill density
Angle of int. friction

20 kN/ m3
4.5MPa
20 kN/ m3
37 o

Pexp
Pnrf
lb
Pstrain
ub
Pstrain

Exp. collapse load
Non res. fill coll. load
Plane strain lb
Plane strain ub

228kN
46kN
209kN
254kN

(kN)

Figure 4.a shows the collapse mechanism obtained by assuming heavy but non resistant fill
and distributing the live load on the arch by assuming η = 30o ; the dark circles in the arch are
the generalised hinges. The corresponding collapse load is Pnrf = 46kN and agrees with the result obtained by Crisfield [9]. The limit stress state and the collapse mechanism [13] obtained
by assuming plane strain fill are shown in Figure 4.b and 4.c, respectively. In Figure 4.b the
thick line in the depth of the arch represents the thrust line, while the straight lines in the fill
represent the principal directions of the stress field; the contour plot in the fill in Figure 4.c
shows the maximum shear strain rate field. A good qualitative agreement between the results
from the equilibrium and compatible models is obtained. The limit state described by the numerical results appears to well reproduce the experimental behaviour; in particular, the location
of the hinges from the analysis are a good approximation of the experimental positions.
The contour plot of the minimum compressive stress field σ 3 is shown in Figure 5. The
minimum values are reached in small regions located below the live load and at springings; the
in-plane stress field in the regions in white is compatible with plane stress fill.
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Fig. 5. (a) Contour plot of the minimum compressive stress σ 3 .(b) Influence of the allowable transverse
stress σ% c on the lower estimates of collapse load (bold line); estimates obtained by imposing plain strain
under the punch (thin line); estimates obtained by assuming heavy non resistant fill (dashed line).

The effects of the maximum allowable transverse stress σ% c on the lower estimates of the
collapse load are shown in the graph of Figure 5b (bold line). For σ% c ≥ 63kPa the plane strain
limit stress state is obtained; for σ% c < 63kPa the out of plane limit condition affects the result
lb
until the value Pstress
= 57kN obtained by assuming σ% c = 0kPa (plane stress).
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Fig. 6. Effects (a) of the cohesion c, (b) of the angle of internal friction ϕ and (c) of masonry
compressive strength σc .
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The equilibrium solution corresponding to σ% c = 20kPa is Pulb = 149kN and the stress field,
not shown, is similar to the case of plane strain fill, with lower values of σ 3 . The limit state due
to the limitation of the transverse stress σ 3 is first reached just under the live load, so that the
load is equilibrated by a uniform distribution of the maximum compressive stress σ*c − r σ% c . The
decreased estimate of the collapse load is therefore due to a local effect; this aspect is well
shown by the results obtained by keeping the cone under the live load in plane strain and varying σ% c through the rest of the fill; the lower bound on the collapse load (Figure 5b, thin line)
decreases only for very low values of σ% c .
The effects of the cohesion c and the angle of friction ϕ of the fill on the lower and upper
bound estimates of collapse load by assuming plane strain are shown in the graphs of Figure 6.a
and 6.b, respectively; the effect of the masonry compressive strength σc is shown in Figure 6.c.
The contribution of the fill resistance to the collapse load estimates is important also for low
values of cohesion and friction. The effects of a decrease in the cohesion are limited, and the
lower estimate of the collapse load is still higher than 150 kN by assuming c = 5kPa . Finally,
the effects of the masonry compressive strength σc are negligible only for σc ≥ 6 MPa .
The particular procedure followed to apply the load during the experimental test [17] makes
it necessary to evaluate its possible effects on the results. Dead load to provide reaction for the
jacks was provided by concrete blocks supported above the bridge by three beams resting on
concrete bolck plinths at each abutment (Fig. 3.b). The vertical forces Vl and Vr (Figure 3.b)
applied on the fill depend on the weight of the concrete blocks (380kN) and the supporting
structure and on the force exerted by the jacks. The results obtained by introducing these forces
in the numerical simulation have shown that their effect is negligible. The analysis has shown
that only large increments of the weight of the loading system can significantly affect the results.
Finally, an analysis of the effect of the fill constrains at the abutments has been carried out
by considering a reduced domain of the fill, corresponding to the shaded region in Figure 3.b.
Also in this case, the differences in the compatible and equilibrium solutions provided by the
model in plain strain condition with respect to the results obtained by the reference one are less
than 1%. This results shows that, for this particular load condition, the introduction in the simulation of the piles present at the abutments would not have affected the results.
5. CONCLUSION
A two-dimensional statically admissible finite element model and a numerical procedure have
been presented to analyse the collapse behavior of masonry bridges taking into account the interaction between the arch-pier structural system and fill.. The effects of a limited transverse
strength of spandrel walls on fill and, as a consequence, on collapse load are taken into account
by introducing a simplified condition that limits the transverse compressive stress in the fill.
The procedure has been applied to simulate an experimental collapse test [17] that allowed
for a comparison between the numerical and experimental results. The results obtained by varying the admissible transverse stress have highlighted the important influence of this parameter
on the collapse load and the validity limits of the plane strain assumption.
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